It is shown that the coupled-cluster theory can be interpreted as an application of the similaritytransformation theory for the quantum-mechanical eigenvalue problem. The transformed
The coupled-cluster (CC) theory has been established to be a useful and powerful method for treating correlation effects in various quantum-mechanical many-body systems.
l )
The exponential cluster-expansion ansatz for the ground state of a closed-shell system was first introduced by Coester and KlimmeL 2 ), 3) Their idea was followed mainly in two different fields of many-body problems. One is nuclear . many-body problem and the other is many-electron problem in atoms and molecules. In the nuclear many-body problem the formulation of the CC theory was made extensively by Klimmel, Llihrmann and Zabolitzky,4) and they applied the theory to actual calculations of nuclear properties.
In the field of quantum chemistry the development of the CC theory in the earlier stage owed to the electron-pair theory of Sinanoglu. 5 ), 6) The working equation in the CC theory was first derived by Cizek
7
) who also clarified the formal relation between the CC approach and the many-body perturbation theory_ Further investigations and applications of the CC theory were reviewed in the recent article given by Bartlett. 8 ) The formal structure of the CC theory has been discussed by many authors in connection with the linked-diagram many-body perturbation theory.9),IO) In a formal point of view we may say that the CC theory is a method of summing up selected linked diagrams to all orders and consequently this method guarantees correct scaling with number of particles, which is referred to as size extensivity. Another derivation of the CC theory was made by Arponen ll ) from the standpoint of a variational principle_
In the present paper we show that the CC theory can be interpreted as an application of the similarity-transformation theory in the quantum-mechanical eigenvalue problem_ The transformed Hamiltonian !JC = e-THe T is introduced with Downloaded from https://academic.oup.com/ptp/article-abstract/87/4/937/1858194 by guest on 06 January 2019 the cluster operator T which describes particle-hole excitations in the ground state. We intend to derive a set of equations for subsystems such that one of the equations for an nobody subsystem determines the nobody part of the cluster operator T. If these equations exist, the problem of solving the cluster operator is reduced to solving certain equations defined in the Hilbert spaces of subsystems. In this formulation the coupling among particles in different subsystems are taken into account by introducing self-consistent average potentials which includes generally two-or-more-body fields. This idea is considered to be a natural extension of the Hartree-Fock theory in which the problem is reduced to solving a self-consistent eigenvalue equation defined in a space of a one-body subsystem and the effects of two-body interaction are considered by introducing a self-consistent average field. In general, it is shown that, for n being smaller than the number of particles contained in the system considered, there exists an nobody eigenvalue equation such that its eigenstates determine the nobody part of the cluster operator T.
This type of formulation has been proposed by the author and his coworkers 12 ), 13) in the framework of the unitary-transformation theory or the unitary CC theory. The unitary-transformation method, which is also referred to as the unitary-modeloperator approach (UMOA), has rather long history in nuclear physics since Providencia and Shakin 14 ) proposed an original idea. The purpose of the present work is to extend the idea developed in the study of UMOA to the reformulation of the CC theory. It will be shown that the mathematical concepts in UMOA can also be applicable to the CC theory as long as we consider two approaches as applications of the similarity· transformation theory, although two transformations have quite different properties.
A substantial advantage of the CC theory, compared with UMOA, is that the ground-state energy can be determined exactly in terms of only one-and two-body parts in the cluster operator, if the original Hamiltonian does not contain three-ormore-body interactions. This fact for the ground-state energy implies that there exist one-and two-body subsystem equations which determine the one-and two-body parts of the cluster operator and consequently lead to the exact ground-state energy. These subsystem equations contain one-and two-body average fields which are unknown in general. Therefore, the problem of calculating the ground-state energy is reduced to calculating the one-and two-body average fields. The main purpose of the present work is to prove the existence of such one-and two-body average fields and to give their explicit forms in an approximate case.
In § 2 we discuss mathematical properties of the cluster operator introduced in the CC theory. In § 3 the usual formulation of the CC theory is reviewed. In § 4 we introduce a transformed Hamiltonian and give a general method for expanding it into a cluster-expansion form. In § 5 self-consistency condition for the average field is discussed. In § 6 we derive a set of equations for determining the cluster operator and give its formal solution. In § 7 the ground-state energy is given. It is shown that the ground-state energy is determined by solving one-and two-body subsystem equations with one-and two-body average fields. In § 8 some concluding remarks are given. § 2.
Properties of cluster operator
We consider the ground state of a closed-shell system of N Fermions written as (2 ·1) where
The state I ¢o> is the unperturbed ground state which is the Slater determinant of the lowest N single-particle states lal>, la2>, ... , IaN>. The exponent T is, in general, a many-body operator defined in a space of N-particle system. If we label N particles as 1,2, ... , N the operator T is written as
where ti , tij and tijk are one-, two-and three-body operators, respectively. A general expression of T is
The operator t(n) denotes the n-body part of T.
The exponent T, which is introduced to represent the correlated ground state, . cannot be determined uniquely. Due to the ambiguity in determining T we can impose some restrictive conditions on T. A simple example of the condition is that the operator e T should be unitary or equivalently the operator T should be antiHermitian. Unitarity '.', in) and (h, j2, "', jm) contain two-or-more common numbers, the proof is . given in a similar way.
As a consequence of the product rule in Eq. (2 ·14), we have another theorem that any two operators tili2"'in and tj1jz.··jm are commutable, i.e.,
The proof is given a~ follows: If two sets (iI, i2, "', in) and (j1, jz, "', jm) contain common numbers, a product of two t's must be zero. If (iI, i2, "', in) and (h, j2, "', jm) do not contain any common numbers, tili2···in and tjljz···~ are different operators acting in two different spaces. Thus two t's are commutable.
The above theorem implies also that the operators {t(n)} in Eqs. (2·4) and (2·5) are commutable. As a result of this commutability, the operator e T can be decomposed into a product form as
Let us now consider the second-quantization form of the operator T which we denote by T. Note that, as in Eq. (2·10), the operator tili2···in acts only as a transformation of a P(n)-space state to a Q(n)-space state. Therefore, the operator T takes the form
where c t and c are the creation and annihilation operators, respectively. The operator i(n) annihilates n particles in occupied (hole) states and creates n particles in unoccupied (particle) states. Therefore, in the commutation relation [i(n), i(m)], any contraction does not occur between creation and annihilation operators. As a result, i(n) and i(m) are always commutable, and e T can be written in a product form
The operator T defined in Eqs. (2·20) and (2·21) is just equivalent to the exponent introduced in the CC theory. With the operator T, which is referred to as the cluster operator, the correlated ground state I (/)0) of the N-particle system is given by
where IcPo) is the unperturbed state (free ground state) which may be written in the second-quantization form as 1¢0)=cJ, cJ2·· cJNlo) , where 10) is the vacuum state.
K. Suzuki § 3. Similarity transformation of Hamiltonian and basic equation for cluster operator (2·24)
A basic problem in the formulation of the CC theory is how to determine the cluster operator Tin Eq. (2·20). A usual way of deriving the equations for T is as follows: We consider a similarity transformation of the Hamiltonian
where fj is the original Hamiltonian written as
The term hI is the one-body part of the Hamiltonian and Vl2 the two-body interaction.
We write the time-independent Schrodinger equation as
where 
3C =H +[H, T]+ZI-[[H, T], T]+···
or equivalently j{ may be expressed as
where { }c means that only connected terms should be taken. Substituting the above form of j{ into Eq. (3·5), we have an explicit expression for the equation for T.
Generally the expansion of j{ terminates with a finite number of commutators. If the original Hamiltortian fj consists of only one-and two-body terms as in a usual many-body system, j{ terminates with the forth-order term in T. This property of the commutator expansion of j{ has been considered to be one of advantages of the CC theory. The transformed Hamiltonian !fl can be given exactly and as a result the equation for f can also be given in an exact form. 4 ) However, the CC equation (3·5) is still very complicated. If we want to write Eq. (3·5) for the two-body cluster in terms of amplitudes <altdE> and <a.BltdyO'> and the matrix elements <alhIIE> and <a. BlvI2IrO '> with the approximation t(k)=O for k~3, we need more than seventy terms.
For this approximate case referred to as SUB2 or CCSD approximation, the explicit equation has been given by Purvis and Bartlett.
I5 )
If we want to reach a deeper understanding of the structure of the CC theory, we need to introduce some quantities which are obtained by grouping the terms appeared in Eq. For example, the terms with factors JLin(n~l), the powers of only one variable JLi, are one-body operators acting on one particle labeled by i_ The terms with factors JLrJL/ (m~l, n~l) are two-body operators acting between two particles i and j_
The following identity can be verified for one-body operator:
from which we have
We next consider the case that JLi=l, JLj=l and other JLk'S are equal to zero. The operator X(O, "', JLi=l, 0, "', JLj=l, 0, "', 0) contains one-and two-body operators. Subtracting one-body parts, we obtain
The general expression for the n-body transformed operator is given as 4-15) . Therefore, the term U is arbitrary at this stage. However, we want to determine it so as to describe an effect of average field. The determination of U will be discussed later in a different section.
The and (4 -20), respectively. The explicit forms of these transformed operators for small n's are given by One of the important problems in the present formulation of the CC theory is how to determine the auxiliary potentials {Uij"'k} in Eq. (4 '16) . In the usual many-body theory a one-body potential is introduced as a self-consistent average potential. In a diagrammatical representation the average one-body potential is determined so as to cancel the bubble.diagram contributions. We follow the same procedure as the usual approach, but the difference is that in the present formulation the transformed Hamiltonian !J( contains three-or-more-body interactions. Therefore, we need to introduce two-or-more-body average fields in order to cancel all the bubble-diagram contributions.
We now impose a condition that the potentials {u ij"'k} cancel the bubble-diagram contributions with the vertices of the interactions {v ij"'k}. Note that the bubblediagram contributions come also from the potentials {Uij"'k}. Therefore, the conditions of the cancellation are given by 
Diagrammatical representation of the above equations are given in Fig. 1 . where Eo is the constant term. The explicit form of Eo will be given in the later section. § 
Determination of cluster operator
The basic principle of the CC theory is that the cluster operator T is introduced such that all the interactions inducing particle-hole excitations on the unperturbed ground state \<;60> should be eliminated through the similarity transformation of the Hamiltonian. This condition can be represented by using the projection operators p(n) and Q(n) in Eqs. (2·6) and (2' 7) respectively as (6'1) and for v 12···n
These equations can be interpreted as the decoupling conditions, that is, the operators hI and VI2··.n should not have nonzero matrix elements between two states with configurations of n unoccupied and n occupied single-particle states. The relation between t(lz."n) in Eq. (4 ·12) and t'(lz .
In the derivation of Eq. (6·3) we have used the property that tiI···im and t kt ··· kn are commutable for any set of iI, ... , im and kl, ... , kn. The term fi lz ... n , which may be called the n-body subsystem Hamiltonian, is given in terms of the transformed operators as
where VIz ... n is the n-body interaction in the (n -l)-th step of the transformation given as
It is noted that the subsystem Hamiltonian filz ... n consists of the transformed interactions, but these interactions can be calculated completely beforehand in the n-th step iteration. The solution tIZ ... n to the decoupling equation (6·2) or (6·3) can be given in an exact form as where I (])k (n» is the eigenstate of the equation
and < ¢ k (n)1 is the biorthogonal state of the P(n)-space component of I <l>k (n», i.e.,
l¢k(n»=p(n)l<l>k(n» .
The state <¢k(n)1 is determined through the orthogonality relation <¢k(n)I¢;,n»=Oki.
The number d is the dimension of the p(n) space. In Eq. (6·9) it is assumed that the states {I <l>k (n»} have nonzero overlaps with the p(n) space.
Let us prove that the operator tI2 ... n given in Eq. (6·9) can be a solution to the decQupling equation (6·3). From Eqs. (6·9) and (6·12) we have a relation
The above relation means that the Q(n)-space component of I <l>k (n» is generated by operating tI2 ... n on the P(n)-space component of I <l>k (n». Therefore, we have an identity,
We next write the decoupling equation (6·3) as 
where we have used the relation
which is obtained from the properties of tI2.··n given in Eqs. (2 ·10) and (6 ·13). Equation (6·18) means that the operator tI2···n given in Eq. (6·9) is just the solution to the decoupling equation (6·3).
The solution to the decoupling equation has already been obtained for a Hermitian subsystem' Hamiltonian in the study of UMOA.
)
In the CC theory, the subsystem Hamiltonian is not always Hermitian. However, it has been proved as in Eq. (6··9) that the s6lution for tI2···n takes the same form as in the case of Hermitian We now may say that the problem of calculating the ground-state energy of many-Fermion system is reduced to solving the one-and two-body eigenvalue equations. Only the unknown quantities are the one-and two-body average fields UI and UIZ (or UI and UIZ). The terms UI and UIZ represent the complicated coupling effects which come from the three-or-more-body cluster terms in the transformed Hamiltonian jl. Although the fields UI and UIZ are unknown in general, it is conclu.ded that there exist one-and two-body average fields such that the one-and two-body subsystem equations containing these average fields bring about the true ground-state energy. This fact is always true independently of the number of particles contained in a system considered.
The expression of the ground-state energy Eo in Eq. (7·6) agrees with the formula derived in the usual formulation of the CC theory.I5) This form of Eo has been applied widely to the many-electron problems. If the original interaction VIZ has a strong repulsive core, as in the nuclear force, the expression of Eo in Eq. (7·5) would be better, because the transformed interaction VIZ is proved to be always "wellbehaved".
We finally give formulae for the average fields UI and UIZ in an approximate case. We introduce a truncation that the cluster operator {lIz . (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) where P(c,P) denotes the summation of exchange terms defined as P(apJ(a{1)=/(a{1)-/({1a) . (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) The term VaM is the matrix element of VI2 as defined in Eq. (7 -9). The average fields UI and UI2 are given through the inverse transformations in Eqs. and (5) (6) .
With the average fields UI and UIZ we can prove that the decoupling equations (7 -11) and (7 -12) agree with the CC equations given for the CCSD case by Purvis and Bartlett. 15 ) This relation between the CC theory and the present approach can easily be generalized. If ) we express !f{ in a cluster-expansion form. It has been shown that the nobody part tIn) of the cluster operator T can be determined from the condition that the nobody interaction VIz . . . n in !f{ should be decoupled between two spaces of nobody states with configurations of n occupied and n unoccupied single-particle states. This decoupling equation can be solved quite easily. It has been proved that the formal solution for the nobody cluster term tIn) can be expressed in terms of only eigenstates of nobody subsystem Hamiltonian. We may conclude that the problem of solving the cluster operator T can be reduced to solving the eigenvalue problem in subsystems. Once the eigenvalue problems are solved up to nobody subsystem, the cluster operator T is determined up to nobody cluster term. It should also be noted that the subsystem Hamiltonian consists of two parts, the transformed effective interactions (including kinetic energy) and the selfconsistent average potentials (including many-body fields in general).
Another interesting fact obtained in the present study is that the ground-state energy can be determined if the eigenvalue equations for the subsystem Hamiltonians are solved up to two-body part. It has been shown that one-and two-body average fields exist such that the eigenvalue equations for the one-and two-body subsystem Hamiltonians with these average fields determine the one-and two-body parts of the cluster operator and, in the result, bring about the ground-state energy. In this scheme the whole problem of calculating the ground-state energy is reduced to calculating the one-and two-body average fields. The explicit forms of these average fields have been given in a case of the CCSD approximation. More accurate forms of the average fields will be given in the near future.
